Schindler recently addressed two versions of the question P , NP + . Schindler showed that P = NP and P + = NP + . We show that P = NP ∩ co-NP and NP = co-NP, whereas P + ⊂ NP ∩ co-NP and NP + = co-NP + .
INTRODUCTION
The fundamental open problems in complexity theory for Turing ma- versions of the classes P and NP in a Turing machine running in transfinite ordinal time. He labelled them P, NP and P + , NP + and showed that P = NP and P + = NP + . The proofs used a classical theorem from descriptive set theory stating that not all analytic sets are Borel. Analogies between the classes P and NP, and the classes of Borel and analytic sets respectively, had earlier been drawn by Sipser and others (cf. [3] and the references therein).
We address the problems of whether P ? = NP ∩ co-NP (resp. P = co-NP + ). We use a classical result by Suslin which characterizes analytic sets that are Borel as those whose complements are also analytic. Using Suslin's theorem, we prove that P = NP ∩ co-NP. We then show that P + is a strict subset of NP + ∩ co-NP + using properties of projections of hyperarithmetical sets.
We also observe that NP = co-NP and NP + = co-NP + .
PRELIMINARIES
This section will provide some notions from descriptive set theory needed in order to state our results. For details, the reader is referred to [4, 5] .
We first fix our notation. We need the following two central results in descriptive set theory. be the set of codes of the ordinal α. Let B c be the complement of B. Since
Theorem 2.1 (Lusin's Separation Theorem). If X is a standard Borel space, and A, B ⊆ X are two disjoint analytic sets, then there is a Borel
Let f be a recursive function such that 
INFINITE TIME TURING MACHINES
Infinite time Turing machines were introduced in [1] . There has been growing research interest in these machines especially after Schindler [2] showed that P = NP in this transfinite setting. We recall the following definitions from [2] . (b) T halts on all inputs after < β many steps.
The classes P and NP in infinite time Turing machines
If we let all inputs x ∈ ω 2 as having the same length ω, then we have the following characterization of the classes P and NP.
Definition 3.3. P = P ω ω and NP = N P ω ω .
The following description of the class P is given in [2, Lemmas 2.5, 2.6]. In particular, for a Borel set to be outside of P ω1 , it must be ∆ 1 1 in a real
x that does not code any countable well-order.
Now we state our main theorem.
Theorem 3.1. P = NP ∩ co-NP.
Proof. Since P ⊂ NP and P = co-P, it follows that P ⊂ co-NP and therefore P ⊆ NP ∩ co-NP. Let B ⊂ ω 2 satisfy B ∈ NP ∩ co-NP. Since B ∈ NP, it is the projection of a set in P. However, P ⊂ ∆ 
. From Suslin's theorem, it follows that B must be Borel.
We cannot immediately infer that B is in P because not all Borel sets are in P. Those in P are precisely those that are ∆ 1 1 (α) in a countable ordinal α (note the use of lightface font as opposed to the boldface in the previous paragraph). We need to show that B is actually a Borel set in a countable ordinal. Now B is a projection of a set in P, which means it is the projection of a set that is ∆ 
The classes P + and NP + in infinite time Turing machines
If we regard an input x ∈ ω 2 as having length ω 
